An understanding has been obtained of the mechanism governing the motion (migration) of small gas bubbles in vibrated vessels described in the Introduction. Differential equations describing the behavior were derived» equations (27) and (28), under the restrictive assumption of an inviscid fluid} from qualitative considerations it was concluded that viscosity does not affect the mechanism of migration» but may have quantitative effects. A criterion when the influence of viscosity will be appreciable is given. The situation is discussed at the end of Section I when the results of the analysis are compared with the pilot tests.
SUMMARY
An understanding has been obtained of the mechanism governing the motion (migration) of small gas bubbles in vibrated vessels described in the Introduction. Differential equations describing the behavior were derived» equations (27) and (28), under the restrictive assumption of an inviscid fluid} from qualitative considerations it was concluded that viscosity does not affect the mechanism of migration» but may have quantitative effects. A criterion when the influence of viscosity will be appreciable is given. The situation is discussed at the end of Section I when the results of the analysis are compared with the pilot tests.
No attempt has been made to solve the nonlinear differential equations in general. Instead, locations in space were determined in which the differential equations have time periodic solutions, representing small oscillations of the bubbles. The loci of these solutions form surfaces which separate the tank into regions of different bubble behavior. In case of a rigid tank it was found that the bubbles above a certain level h will rise towards the surface, while those below will sink to the bottom. In the case of elastic vessels the regions have complicated shapes, discussed for cylindrical tanks in Section II and shown in figures 6 and 7, From the character of the regions it is concluded that, if many bubbles are present, clusters of bubbles will collect in certain locations near the wall or bottom.
This report has been concerned solely with the behavior of a single small bubble. It will be followed by a second report describing a generalization of the analysis applicable to clusters of bubbles, such as have been observed in the tests reported in Appendix A . The second report will also include a more detailed study of the effect of surfaces and of the finite size of the vessel on clusters of bubbles.
The analysis presented here indicates that the region just below the surface should always be one in which bubbles rise towards the surface and vent. The theory therefore does not yet contain the explanation for the streams of small bubbles moving from the surface towards the bottom which were observed at high accelerations (see Appendix A). It is suspected by the writer that this phenomenon may be caused by the pressure field of the sloshing motion which was present whenever the bubble stream was seen. Further work in this direction is required. TABLE 1   Cycles/second  60  90  120  150  175  200   Acceleration  I6g  14.5g  14g  13g  12g  11-5g The somewhat unexpected sinking of bubbles--contrary to buoyancy--has its counterpart in the field of underwater explosions. It is known from extensive work on this subject that pulsating explosion bubbles do not simply rise, but move in a modified manner known as "bubble migration. " Due to migration an explosion bubble may in certain cases sink, instead of rise. It can therefore be expected that an analysis using methods similar to those employed in the explosion field will give an understanding of the phenomena observed.
In the case under consideration the vibration will excite pulsations (meaning changes in radius) of the bubble and it will be shown that naigration effects do occur which modify the path of the bubble and may even cause it to sink. Specific attention will be given to the case of a bubble moving vertically in an oscillatory manner, a situation which separates the cases of rising and sinking bubbles. where y is the ratio of the specific heats, and p, the pressure in the bubble when its size equals the reference radius a . The potential becomes 
OBCillation of a Bubble Around » Mean Position
Restricting the general problem of the motion of the bubble, it is asked whether there are combinations of imposed acceleration x = Ng cos ut and bubble size and location for which a bubble will undergo a periodic vertical motion and pulsation. The previous discussion has shown that for large N (say N^ 10) only small volume changes a = 2/N are required; the equations can therefore be linearized with respect to the change of radius A .
It is convenient to replace the coordinate z by ssh+£, where h is the depth at which a bubble of the reference radius a would be in equilibrium if prevented from rising; this gives the xelation p. = p +hgp. Equations i.e., the motion is unstable.
In spite of the fact that the motion described by the solution found has therefore no physical reality, the critical level h for the unstable solution has an important meaning: bubbles above the critical level h will rise to the surface, while those below will sink. This conclusion is in qualitative agreement with observations. It might already be stated at this point that it will be seen in Section II that the assumption of a rigid vessel on which the above discussion is based is an oversimplification, and that a more refined analysis may furnish more than one level of oscillatory solutions, some of which are stable.
Comparison with the Pilot Tests
The result obtained, Eqs. (24) and (25), can be compared with the result of the simple test reported in Table 1 . To obtain a fair comparison the effect of the weight of the rubber skin should be allowed for, and it can be seen easily that the added weight will reduce the critical depth h . One should expect, therefore, that the values h computed from Eq. (24) for the appropriate values N of the acceleration should be larger than the test depth of the bubble, h -^ 7 inches. The natural frequency Ä of the 1/4-inch bubble tested is so much higher (iL > 1000 cycles/sec ) than the test frequencies u, that Eq. (25) may be used; the computed values of h are shown in Table 2 , using p /pg = 33 feet and y = 1.4. While the computed values h are of the expected order of magnitude, not all are larger than h = 7 in., as predicted by the theory. It appears that the lack of agreement can be ascribed to the unrealistic assumption of an inviscid fluid, which is not justified for the entire range of the test. To show this, the last line of Table 2 contains the maximum velocities £ of the bubble, computed from the first term of Eq. (19 ), | -2Ng/w . The problem of viscosity effects is discussed in Appendix C, where it is * h will be reduced to h(l -ß) where ß is the ratio of the weight of the skin to the buoyancy of the bubble. The ratio ß for the test case is not known, but was presumably about 0. 1 -0.2 . Table 2 , the direction of the differences is in accordance with this prediction. 
SECTION II MOTION OF A GAS BUBBLE IN AN ELASTIC VESSEL

Equations of Motion
Effect of Surfaces on the Motion of Bubbles
The effect of a neighboring rigid surface on the motion of an oscillating bubble has been determined by the use of the image principle in reference 1.
The major effect found is an attraction of the bubble by the field of the image.
i
In first approximation the bubble obtains an additional velocity ^M directed towards the rigid surface.
e M y a "-+ y-, | a-'f-) dt (42)
where H 13 the distance of the center of the bubble from the surface, and a = a + A is the instantaneous radius of the bubble. If the radius a varies harmonically the first term is just oscillatory and therefore not important, while the second term is the continuing migration towards the surface.
While Eq. (42) was derived for a rigid surface, it should apply approximately also to the case of the walls of an elastic vessel provided the bubble is sufficiently small. This conclusion will hold provided that the mass of the wall area affected by the pressure field of the bubble is appreciably larger than the virtual mass of the bubble.
It is therefore concluded that small bubbles will be subject to an additional motion towards the walls of the vessel which is superimposed on the motion previously determined. This additional motion is proportional to ]/H and is therefore appreciable only if the distance H is of the order of the radius a .
Discussion of the Result for an Elastic Cylindrical Tank Equation (40) can be used to determine the regions of different bubble behavior in an elastic cylindrical tank. For a given frequency and externallyimposed acceleration of the tank, the constants Ü and }x in Eq. (i9) are computed according to reference 5. Solutions h of Eq. (40), if any, will also be functions of the location r; these solutions will define surfaces separating regions of different bubble behavior. * 2 The order of magnitude of this area is H .
A more detailed treatment will be included in a later report. Similar phenomena, occurring in the same sequence but at different accelerations, were observed in the range from 35 to 150 cycles/second. The matter of principal interest here is the fact that bubbles formed in the surface region will appear and remain at lower levels, contrary to gravitational forces. The tests show clearly, also, that in a strongly vibrated vessel bubbles are attracted by the sides and bottom of the vessel, and also by each other. Bubbles on the bottom, for example, w«;re regularly seen moving in groups, close to each other, without merging. Clusters of bubbles formed in the final stages remained together also, clinging to either the wall or the bottom of the tank.
Two points concerning the bubbles might be emphasized without attempting any interpretation at this time. First, it appeared that the size of the bubbles observable at any time was identical, as far as the eye could tell, particularly in the final stage when a stream of bubbles descended from the surface. Secondly, in the tests witnessed by the writer, bubbles were not observed, except at the surface, until after the antisymmetrical surface motion was quite noticeable.
Apart from the behavior of bubbles and bubble clusters, the writer was struck by the pronounced anti symmetrical motion of the surface at and above critical values of the applied acceleration. One does not expect to excite antisymmetric modes by the axial, that is symmetric, motion; yet the observations do not permit dismissal of the existence of these anti symmetrical modes as accidental. The accelerations at which these motions started, and became fully developed, respectively, are given in the following Table A It is planned to study the question of the origin of these sloshing motions because the matter may have consequences quite removed from the bubble problem.
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